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We study here the properties of a family of monoids, which we call the rational 
monoids, and which are monoids with a multiplication of low complexity. A monoid 
is rational if its multiplication may be described by a rational function from a free 
monoid into itself. The main results are that rational monoids, like finite ones, have 
the properties that Green’s relations L# and ,p are equal and that Kleene’s theorem 
holds in rational monoids, as in free ones. Every monoid described so far, in which 
Kleene’s theorem holds, is a rational monoid. The closure of the family of rational 
monoids under Rees’ quotient, direct product, and free product is then studied. 
Extensions of rational monoids will be considered in a forthcoming paper. ( lY87 
Acadamc Pres>. Inc. 
A monoid is a set equipped with an associate binary operation, usually 
called multiplication, and that possesses a neutral element for that mul- 
tiplication. In this paper we define and study a family of monoids for which 
the multiplication is easy to compute. In order to define the last statement, 
we first have to define the complexity of the multiplication of a monoid. 
This will be done by means of a function on words that is a model for the 
multiplication. And one knows how to define the complexity of a function, 
using various classes of Turing machines for instance. We shall then define 
a family of monoids-which we call rational monoids-for which the com- 
plexity is low. The remarkable fact, and the subject of the paper, is that the 
rational monoids, which are defined with combinatorial means, exhibit 
algebraical properties. 
Before setting more specific, let us present two examples of monoids with 
“easy multiplication.” The free monoids are discussed first. An element of 
the free monoid X* generated by a set X is a finite sequence of elements of 
X. The product of two elements f and g of X* is the sequence obtained by 
concatenating the sequence f with the sequence g. In a machine, the 
concatenation is realized by the operation of writing on an output tape 
exactly what is read on the input tape; such an operation of copying has to 
be considered as simple. 
The second example is given by the finite monoids: the right regular 
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representation of a finite monoid M over itself gives a machine with a finite 
set of states-the elements of A4 in fact-such that the action of an element 
m’ of M on a state m puts the machine in the state mm’. 
If one finds any truth in all of these studies on the complexity of com- 
putation performed by various types of machines with various types of 
behavior where each machine has a finite state control, then one can 
readily see that an operation which is performed by a finite state control 
operating alone is quite simple (even if it is possible to recognize com- 
plexity hierarchies within the family of finite monoids, as in the 
Krohn-Rhodes theory). 
The family of rational monoids will then contain the free monoids 
and the finite ones, and its elements will share their most characteristic 
properties. 
The complexity of the multiplication of a monoid will be defined as the 
complexity of a certain function from a free monoid into itself. 
Let us consider a monoid M and a set X which is in one-to-one 
correspondence with a generating set of M; the monoid M is then, 
canonically, a quotient of the free monoid X*. Every element of M is the 
image of at least one word in X*, and generally of several words, when M 
is not a free monoid itself. Suppose now that for every element in M we 
choose one word in X* to be its representative; this choice defines a 
function from X* into itself: the one which associates to every word of X* 
the chosen representative of its canonical image in M. This function con- 
versely defines M completely and gives a “model” for the multiplication in 
M which we call a description of A4. 
The best-known example of a monoid which is given such a description 
is probably the free group. Let A be a set, and F(A) the free group 
generated by A; if 2 denotes the disjoint union of A with a copy A of A, 
every element of F(A) is represented by one word of A”*, in which no factor 
aa nor Ga occurs; such a word is commonly called a reduced word. The 
corresponding description of F(A) is the function p from d* into itself 
which maps every word of d* onto its equivalent reduced word. As the 
“Nielsen method” for instance demonstrates, properties of the free group 
may often be derived from properties of reduced words and of the function 
p (cf. Magnus et al. 1966). 
Now, to any class of functions corresponds the family of monoids which 
admit a description in that class of functions, and then to any hierarchy of 
classes of functions corresponds a hierarchy of families of monoids. In a 
previous paper (Sakarovitch, 1981), a general presentation of this point of 
view on monoids was given. 
As previously mentioned, our purpose here is to consider the family of 
monoids which corresponds to one of the simplest classes of functions one 
can reasonably define: the class of rational functions. 
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Rational functions-following the terminology of Eilenberg-have 
been introduced and studied in the framework of formal language theory. 
Rational relations (rational functions are rational relations which are 
functional) were first defined by Elgot and Mezei (196.5), and proved to be 
very useful in investigating and classifying formal languages (cf. Eilen- 
berg (1974) and Berstel(1979) for a rather complete account on the sub- 
ject). Rational functions have also been given several characterizations in 
terms of the machines which compute them (cf. Berstel, 1979; Eilenberg, 
1974; Elgot and Mezei, 1965). 
Let us again consider our two examples. A description of a free monoid 
is realized by a Turing machine with only one state (that is no state!) and 
which only copies on its output tape what it reads on its input tape. A 
description of a finite monoid is realized by a finite automaton that is a 
Turing machine with a read-only input tape, a finite state control, and no 
output tape. 
Roughly speaking, rational functions are computed by machines that 
combine these three devices: a read-only input tape, a finite state control, 
and a write-only output tape. 
The rational monoids are the monoids described by rational functions. 
The aim of this part of the paper is to establish the properties that make 
them similar to both finite monoids and free monoids. 
Like finite monoids, rational monoids are srable (Theorem 5.2). It 
follows then that Green’s relations 9 and 4 are equal in rational 
monoids-note that this property obviously holds in free monoids since 
both 9 and y are equal to the identity in that case. 
The feature shared by rational monoids and free monoids gives its sub- 
title to this first part of the paper: Kleene’s theorem holds in any rational 
monoid. Let us recall that a subset of a monoid is called rational if it 
belongs to the closure of finite subsets under the regular operations: union, 
product, and star: the unary operation that maps a subset A to the sub- 
monoid generated by A. Kleene’s theorem asserts that any rational set of a 
free monoid is saturated by a congruence of finite index. This is not true for 
every monoid, but rational monoids have the property that their rational 
sets are saturated by congruences of finite index (Theorem 4.1). As a con- 
sequence, rational monoids are residually linite (Corollary 4.3). 
It is noteworthy that, to our knowledge, the few examples of monoids 
that have been considered so far and in which Kleene’s theorem holds 
(Amar and Putzolu, 1965; McKnight and Storey, 1968) fall into the family 
of rational monoids. Then the question arises of course as to whether or 
not Kleene’s theorem is a characteristic property of rational monoids; this 
is still an open problem.* 
* Note added in prooJ In the paper mentioned below, we construct a monoid that gives a 
negative answer to the problem. 
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This paper is divided into six sections. A formal definition of the descrip- 
tion of monoids by functions (Sect. 2) and some examples of rational 
monoids (Sect. 3) are followed by the results mentioned above (Sects. 4 and 
5). 
We prove in the last section the closure properties of rational monoids 
under the most common operations. For the sake of completeness, we have 
given in the Appendix a rather complete account of the theory of rational 
sets and relations. 
In a forthcoming paper (Pelletier and Sakarovitch, in press), we shall 
investigate the extensions (ideal extensions and Redei extensions) of 
rational monoids together with some questions that are more closely 
related to formal language theory and which were indeed part of our 
motivation for performing the study. 
1. NOTATIONS 
A monoid M is a set equipped with an associative binary operation, 
called multiplication, and which possesses an identity element, denoted by 
1 M. 
Let A be a set; we denote by A* the free monoid generated by A, that is 
the set of finite sequences of elements of A, equipped with the con- 
catenation of sequences. The identity of A*, called the empty word, is 
simply denoted by 1, unless it gives rise to ambiguity. 
If R is a subset of M, the intersection with R is a mapping denoted by I~. 
A set P of a monoid A4 is said to be recognizable if there exist a finite 
monoid F and a homomorphism v]: A4 + F such that Pqq -’ = P; it is 
equivalent to say that P is a union of classes for a congruence of M of finite 
index. We denote by Ret M the set of recognizable sets of M. 
Let A4 be a monoid. On the power set 9(M), we define the three rational 
operations: 
(i ) union: A u B; 
(ii) product: AB= {ablaEA, bEB}; 
(iii) star: A* = U; A” (A0 = 1 M). 
Similarly, we define on 9(M) the three unambiguous rational operations: 
(i) disjoint union; 
(ii) unambiguous product: AB is unambiguous if ab = a’b’ with a, a’ 
in A and 6, b’ in B implies a = a’ and b = 6’; 
(iii) free star: A* is free if each A” is an unambiguous product and if 
the union of the A” is disjoint. 
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DEFINITION 1.2. The family of rational sets of a monoid A4 is the 
smallest family of subsets of M which 
(i) contains the finite subsets of M, 
(ii) is closed under the rational operations. 
It is denoted by Rat M. 
The family of unambiguous rational sets of M is the smallest family of 
subsets of M which 
(i) contains the finite subsets of M, 
(ii) is closed under the unambiguous rational operations. 
It is denoted by URat M. 
A relation T from M into N is defined by its graph, denoted by ?, a sub- 
set of M x N. The image of an element m of M by z is, by definition, 
mt = {n E N 1 (m, n) E ? ). We extend additively T to P(M); i.e., if L is a sub- 
set M, Lr=UmcL mz. The inverse relation of t, denoted by T ‘, is the 
relation from N into M defined by n5 ~ ’ = {m E M ) (m, n) E t^ 1.. 
Let M and N be two monoids. A relation r from M into N is ratiorzal 
(resp., recognizable) whenever its graph r^ is a rational (resp., recognizable) 
subset of the monoid M x N. 
In this paper we often use the results from the theory of rational sets and 
rational relations (Eilenberg, 1974; Berstel, 1979). For the reader’s con- 
venience the Appendix summarizes the properties that are used. 
We denote by N (resp., Z) the set, or the additive monoid, of positive 
integers (resp., of negative and positive integers). If li is a positive integer, 
[k] denotes the set { 1, 2 ,..., k i. 
2. PRELIMINARIES: DESCRIPTION OF MONOIDS 
In this section, we present the formal definitions related to what we call a 
description of a monoid, which has already been informally described in the 
Introduction. More details and examples can be found in Sakarovitch 
(1981). 
DEFINITION 2.1. Let M be a monoid. A generating sevstem of M is a pair 
(X, a) where X is a set and a is a surjective homomorphism from X* onto 
M. 
DEFINITION 2.2. Let (X, CZ) be a generating system of a monoid M. A 
subset T of X* is a trace of Mfor (X, a) if a is a bijection from T onto M. 
We shall also say that T is a trace of M in X*, or even a truce of M, if 
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there is no ambiguity on the generating system. A trace T of M for (X, Q) is 
a cross-section of X* for CI, that is a set of representatives of the classes 
modulo aa - ‘, the mapping equivalence of CI. 
A trace T of a monoid M for a generating system (X, c() of M defines 
canonically a function p from X* into itself by 
Vf EX* fb=foLtl-In T. (2.1) 
Thus j? maps each word ,f of X* onto the (unique) element of T that has 
the same image as f by ~1. This function fl has the same mapping 
equivalence as a; i.e., 
&-’ =c(a-’ (2.2) 
/I is a left identity for a; i.e. 
pa = a (2.3) 
and j3 is idempotent; i.e. 
PB=P. (2.4) 
Conversely, suppose that /? is a function from X* into itself that satisfies 
(2.2) and (2.3); if T= X*/? then by (2.2), a is one-to-one on T, and by (2.3), 
TM = M: T is a trace of M for (X, a). We shall call such a function /3 a 
description of M. More formally 
DEFINITION 2.3. Let M be a monoid and (X, a) a generating system of 
M. A function j3: X* + X* is a description of A4 for (X, a) if the following 
holds: 
(i) /3P-‘=aa-’ (Eq. 2.2)) 
(ii) ba = a (Eq. (2.3)). 
Remark 1. A description is an idempotent function since it defines a 
trace, or since (2.2) and (2.3) imply 
PP~‘=aa~‘=Baa~‘=BBP-’ 
which gives (2.4) by multiplication to the right by j3. Conversely, (2.2) and 
(2.4) yield 
Paa -’ =jj/jp-’ = fif’ = aa-’ 
which gives (2.3) by multiplication to the right by a. 
Remark 2. It follows from the definition that the domain of a descrip- 
tion of M for (X, a) is the full set X*. 
Roughly speaking, the following proposition shows that the properties 
of a description of M do not depend upon the generating system chosen 
for M. 
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PROPOSITION 2.1. Let fi be a description of a monoid M for a generating 
system (X, a). For any generating system (Y, <) of A4 there exist two 
homomorphisms, ,a: Y* + A’* and 8: X* + Y*, such that 5 = p/H is a descrip- 
tion qf A4 for (Y, [). 
Proof For every y in Y an element yp is chosen in y[a ~ ‘, which is not 
empty since a is surjective. This defines a homomorphism p: Y* + X* such 
that [ = ,UCX. Similarly, for every .\: in X an element ,ye is chosen in .~a[ ‘, 
which is not empty since i is surjective. This defines a homomorphism 
8: X* --+ Y* such that M = &I. Let r = p/RI; then 
We have the sequence 
which implies /3/V’ = flee- ‘/” ‘, from which we derive 
44 TX-I =ppee-l~-lp-~ =pflfi-lp -I =pLcrcr -lp-l +c-l. 1 
Note that Proposition 2.1 does not deal with the relationships between 
two arbitrarily given descriptions of one monoid M for one generating 
system. Indeed, one description may be very “simple,” say a rational 
function, as we shall study below, while the other is “highly complex,” say 
a non-recursive function for instance: such examples are very easy to con- 
struct: 
EXAMPLE 2.1. Let S be a non-recursive subset of N. Let M be the sub- 
monoid of {a, b)* generated by {a, ah, ha >. A generating system of M is 
(X, ct) with X= (x, y, z} and with .~~=a, ~la=ab, and X= ha. 
As we shall see in the next section there exist descriptions of M for (X, LX) 
which are rational functions; let 1-3 be such a description, and let y be the 
function of X* into itself defined by 
.h = .fP if f $ x2* u y*x, 
xz”y = y”xy = y”x if nES. 
.yyy = y"q = x;‘Z otherwise. 
Clearly, y is also a description of M for (X, a) which is not a recursive 
function. 
Proposition 2.1 states that if we consider hierarchies of complexity 
classes of functions which are closed by composition with homomorphism 
between free monoids, and if a monoid M is given, then for every 
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generating system of M there exists a description of M of minimal com- 
plexity, and thus this minimal complexity is indeed an intrinsic property 
of ii4. 
3. RATIONAL MONOIDS 
We are now able to define the objects that are discussed in this paper. 
DEFINITION 3.1. We say that a monoid is rational if it has a rational 
description (i.e., a description which is a rational function). 
We observe that the domain of a rational relation is a rational set 
(Proposition A.4) and is thus contained in a finitely generated submonoid 
(Proposition A.7); since the domain of a description of a monoid M for a 
generating system (X, a) is X* itself, it follows that: 
PROPOSITION 3.1. A rational monoid is finitely generated. 
From Proposition 2.1 (and from Propositions A.14 and A.16), it follows 
that a rational monoid has rational descriptions for every generating 
system. The following stronger result indeed holds: 
PROPOSITION 3.2. A description y qf a rational monoid M is a rational 
function ly, and on1.v if, the trace of M associated with y is a rational set. 
ProoJ: Suppose that y is a description of M for a generating system 
(X, a), and let U= X*y be the trace associated with ;‘. By (2.1) y = C(CI -‘I~. 
If M is rational there exists a rational description /I of M for (X, CX), and we 
have, by (2.2), 
Then y is rational if U is a rational set (Propositions A.14 and A.16), and, 
conversely, if y is a rational function then U = X*y is a rational set 
(Proposition A. 15). 1 
Definition 3.1 and the proof of Proposition 3.1 give rise to an open 
problem. If (X, c() is a generating system of a rational monoid then CLC( ~~ ’ is 
a rational relation on X*. The problem is to prove (or to disprove) the 
converse of this last statement, namely: 
CONJECTURE. A monoid which has a generating system (X, a) such that 
cl~’ is a rational relation on X* is a rational monoid. 
This conjecture is equivalent to a conjecture which I heard from H. 
Johnson and which states that any rational congruence on a free monoid 
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has a rational set of representatives. The conjecture is known to be true in 
the case where CI is a homomorphism from X* into a free monoid Y* (see 
Example 3.3 below). 
Note that in general a monoid M may well have a rational trace in a 
generating system and not be a rational monoid; for instance, the free com- 
mutative monoid generated by (a, h} has the trace a*h* in (a, bi*, the 
free group with one generator has the trace a* u h* in the same (u, hj *, 
but still they are not rational monoids, as we shall see later (Sects. 4 and 6). 
In Sakarovitch (1981) we proved that a monoid M has a rational trace in a 
generating system if, and only if, M itself is an unambiguous rational set. 
EXAMPLE 3.1. Finite monoids. Every description of a finite monoid F is 
obtained in the following way: let (X, c() be a generating system of F; for 
every ,f in F, let R, = ,$a ’ and let M’/- be any element of R,. Clearly, 
T= u \I’, 
/et 
is a trace of F for (X, a), and the graph of the associated description is 
li= u (R,,,1,,) (3.1) 
/Et 
which is a rational, and even a recognkahle, subset of X* x .r(* since X is 
supposed to be finite. 
Conversely, the graph of a function must be of the form (3.1) to be 
recognizable (Proposition A.3). If we say that a description is recognizable 
if it is a recognizable function, we then can state: 
PROPOSITION 3.3. An)> description qf a ,fi:nite monoid is recogntuhle, and 
a monoid having a recognizable description is, finite. 
EXAMPLE 3.2: Finitelv generated .free mon0id.s. Since the identity 
function of a (f.g.) free monoid is a rational function a (f.g.) free monoid is 
a rational monoid. 
EXAMPLE 3.3: Finitel?, generated submonoids qf free monoids. Let M be 
a finitely generated submonoid of a free monoid A* and let X be a finite set 
in one-to-one correspondence with the generating set of M. This correspon- 
dence extends to a homomorphism tc from X*, the image of which is M: 
(X, E) is a generating system of M. From Eilenberg’s cross-section theorem 
([6] Theorem 1X.7.1) there exists a rational set T of X* such that TCX = 
X*a = M and such that c1 is one-to-one on T: T is a trace of M for (X, c(). 
The description B associated with T is defined by b = CLM ‘zT, and since T is 
a rational set, and c1 is a homomorphism between free monoids, /J is a 
rational function. 
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EXAMPLE 3.4: The Fibonacci monoid. Let tj be the congruence of 
X* = {x, y } * generated by the relation 
and let H be the quotient of X* by $. Then H is a rational monoid. Let p 
indeed be the reflexive, transitive, and regular relation on X* generated 
by the pair ( yyx, xxy)-by regular relation we mean a relation which is 
compatible with both multiplications to the left and to the right, i.e., 
u=vmodp * Vh,kEX* huk = hvk mod p. 
In other words p is the derivation relation generated by the “semi-Thue 
system” (yyx, xxy) (cf. Berstel, 1979, p. 3740). Since yyx is not a sesqui- 
power (i.e., there are no words u and v such that yyx= uou), we have 
+ = p 0 p ~ ‘. In terms of the semi-Thue system, p is confluent. Hence every 
word of X* is equivalent modulo $ to a unique word of the set 
T= X*\X*yy.xX* =x*( yx+)*y*. 
This set T is then a trace of H in X*, and it remains to show that the 
associated description fl is a rational function, One first observes that for 
all positive integers n and m, it holds that 
y2”x = x(x?‘)” mod $ (3.1) 
I’ 2” + ‘x = yx(xy)” mod $ (3.2) 
y( JJX)~ = x”“y mod $. (3.3) 
Hence 
and 
y”‘x( yx)” = x(xy)“- ‘x2”’ + ‘Y mod $ (3.4) 
J’ 2”+ ‘x( yx)” = yx(xy)” ~ ‘xZm + ly mod $. 
(3.5) 
This is a hint to the following (unambiguous) rational expression for 
(.u u y)*, the verification of which is an exercice: 
(xuY)*= (xu y(y+x)*x)*(l u y(y+x)*y*). 
The following rational expression for 0, the graph of p, is then derived from 
(3.1)-(3.5): 
B=ckxM.Y. 1)R*(x,yx)l*C(L l)u(v, l)R*(Y,Y)*(LY)l 
with 
~=((?i,xx)u(.JY, .Y-=))(yy, .Yx)*(x, 1) 
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(cf. Berstel, 1979, Exercice 111.55). This example is different from the ones 
given before, since we have: 
FACT. The monoid H is a rational monoid that is not a submonoid of a 
free monoid. 
If this was not so, the equality yyx=xxy would imply x= y, and the 
latter is not true. 
We named H the “Fibonacci monoid” because of the following inter- 
pretation. Let 1, 2, 3, 5, 8, 13 ,... be the sequence of Fibonacci numbers, 
starting with 1 and 2; we denote by Fk the kth element of this sequence. 
For every word M’ of {x, y}* denote by u’~ the kth letter of u’, and let U’X be 
the integer defined by 
The word bt’ is thus a representation in the “Fibonacci basis”of the integer 
M‘ when x and y are interpreted as the digits 0 and 1, respectively, and if 
one is ready to accept a representation where the digit of highest rank is 
written on the right of u’ (and not on the left as usual). This representation 
is not unique; however, every integer has only one such representation with 
the property that it gives an element of T when it is multiplied on the right 
by the letter X. This is sometimes called Zeckendorf’s theorem (cf. Carlitz, 
1968). The equivalence of mapping n, called o, is a left-regular equivalence 
of X*: this is a dual proposition of the lemma of Carlitz (1968, p. 196) and 
is proved similarly. It is also not difficult to prove tht tj is the coarsest 
congruence of A’* which is thinner than o. 
Before studying the properties of rational monoids, we should mention a 
kind of non-property of rational monoids: 
FACT. A rational monoid is not necessari1.v finitelyv presented. 
Indeed, finitely generated submonoids of a free monoid are not always 
finitely presented, as is shown by the following example. 
EXAMPLE 3.5. Let P be the submonoid of (x, y, z, t}* generated by 
ix. yz, t, xy, zy, zt ). It is straightforward computation to check that P is 
isomorphic to the quotient of A = {a, b, c, d, e, f } by the congruence 
generated by the set of relations 
C= jab”+’ c=de”f 1 nEN}. 
No finite subset of C can generate all relations in C; therefore, P is not 
finitely presented (cf. Clifford and Preston, 1961, Vol. 2, p. 122). 
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4. RATIONAL SETS IN RATIONAL MONOIDS 
As we have already announced, Kleene’s theorem holds for rational 
monoids, that is: 
THEOREM 4.1. In a rational monoid, the family, of rational sets is equal to 
the family of recognizable sets. 
We first prove a lemma: 
LEMMA 4.1. Let A4 be a monoid and (X, a) be a finite generating system 
of M. The two following conditions are equivalent: 
(i) The rational sets of M are recognizable; 
x*. (ii) Th 
e inverse image by M of any rational set of M is a rational set of 
Proof Let J be a rational set of M. If J is recognizable, so is 5% ’ 
(Proposition A.2). Then Jcc-’ is rational since X is finite (Theorem A.8). 
Conversely, if R = Ja ’ is a rational set of X*, R is recognizable 
(Theorem A.8). Let o be the coarsest congruence of X* for which R is a 
union of classes. Since R is a union of classes for ~a~ ‘, G is coarser than 
cc-’ and, by the “first theorem of homomorphism” (cf. Clifford and 
Preston, 1961), g defines a congruence z of M such that M/r is isomorphic 
to X*/a. Moreover, J= RU is a union of classes modulo t and therefore is 
recognizable. 1 
Proof of Theorem 4.1. Let /I be a rational description of M for (X, a). 
Let J be a rational set of M. There exists a rational set S of X* such that 
Sa = J (Proposition A.4). Now we have Jc’ = Sctcc -’ = S/Ifi-‘, and Js- ’ 
is rational. Thus Rat Mc Ret M. The converse is true since M is finitely 
generated. m 
Consequently, we have the following properties. 
COROLLARY 4.1. The farnil-y of rational sets of a rational monoid is a 
boolean algebra. 
(This corollary is from Proposition A.l.) 
COROLLARY 4.2. The rational sets of a rational monoid are unambiguous. 
Proof With the same notations as above, let T= X*/I be the trace of 
M. Since Jcc-’ is rational, so is U = Jc’ n T. But CL is one-to-one from U 
onto J and the conclusion follows (Propositions A.5 and A.1 1). m 
COROLLARY 4.3. Rational monoids are residually finite. 
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Proof: Let m be any element of a rational monoid h4. Since the 
singleton {m} is a rational set of M, it is also recognizable. There also exist 
a finite monoid F and a homomorphism $: M + F such that m = mt+h$ ‘. 
Thus, for any other element m’ of M, m$ #m’$; this is the definition of 
residual finiteness. 1 
EXAMPLE 4.1. Amar and Putzola ( 1965) have defined a new product, 
denoted by ,Q, on the set of words over an alphabet A: 
Vi SEA* f~g-dfg” 
with’ 1 g’l = 1 g”I and g = g’ug”, and a = 1 or a E A, according to whether 
1 g/ is an even or odd integer. 
This defines a new semigroup (A*, 0) with the same carrier as the free 
monoid on A: recall that 1 A* is not a neutral element of (A*, 0). Let us 
denote by P the monoid equal to (A*, 0) with an adjoint identity. Amar 
and Putzolu have shown that the rational sets of P are recognizable, and 
thus closed under intersection and complementation. This is also a con- 
sequence of the fact that P is a rational monoid, as we shall see below. 
Let z be a symbol not in A and let B = A u (z}. This symbol z is added 
in order to generate the element I,, (which is not the identity of P). 
Let D = AA be the set of words of length 2 over A, and let us denote its 
elements by ah with a and b in A. Let X= Bu D. The quotient of X* by 
the congruence generated by the set of relations 
R= {xy=.u~.x~X,~~~B)~u (zd=dld~D) 
is a rational monoid M. One can easily verify that a trace of M in X is 
T= D* u AD* u {z}, and that the graph of the description /I associated 
with T is given by the following: let E= {(a, u)la~ A), F= ((d, d)jd~D), 
and H= [(J,, l.Ye)Iy~B}; then 
b-= (lx*, l,,)u(EuF)(FuH)*u(z,z)H*u(z, l,e)H*F(FuH)*. 
One now checks that the mapping 6 from T onto A*, defined by 
6(z) = l,g*, 
-- - 
with x in A u { 1 }, induces an isomorphism between M and P. 
EXAMPLE 4.2. Any infinite group is not a rational monoid, for a 
singleton in an infinite group is not recognizable. 
’ 1~1 denotes the length of the word g. 
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As stated in the Introduction, the converse of Theorem 4.1 is still an 
open question: 
PROBLEM. Let M be a monoid such that Rat M = Ret M; is M a rational 
monoid? 
Theorem 4.1 also implies properties for rational relations between 
rational monoids. 
COROLLARY 4.4. Let M be a rational monoid and z be a rational relation 
from M into a monoid N. Then the image of the rational set of M by 7 is a 
rational set of N. 
COROLLARY 4.5. Let M be a rational monoid and let N and N’ be two 
monoids. Let z: M + N and t’: N’ + M be two rational relations. Then ~~5 is 
a rational relation from N’ into N. 
(In other words, it is possible to replace “free monoid” by “rational 
monoid” in the statements of Propositions A.15 and A.16.) In order to 
prove Corollaries 4.4 and 4.5, we first make an obvious observation: 
Let M, N, P, and Q be sets and let 1: P + M and p: Q + N be surjective 
mappings; these define a surjective mapping J x p from P x Q onto M x N. 
Now let t be a relation from M into N and let $ be a relation from P into 
Q such that the image of its graph by 2 x p is equal to the graph of r; then 
7=i-‘l+bp. 
Proof of Corollary 4.4. Let (X, LX) be a generating system of M. Since 
c( x lN is a surjective homomorphism from X* x N onto M x N, there exists 
a rational relation $ from X* into N such that the image of the graph of II/ 
is equal to the graph of 7 (Proposition A.4.b). By the above observation, 
7=cr-'I). IfJ’ 1s a rational set of M, then Jr = Jcc ~ ‘$; Jcc ~ ’ is rational by 
Theorem 4.1, and J7 is rational (Proposition A.15). 1 
Proof of Corollary 4.5. Take II/ as in the proof of Corollary 4.4, and, by 
the same argument, let II/’ be a rational relation from N’ into X* such that 
7' = $‘cY. Let /? be a rational description of M for (X, a). We have 
7'7=l+vaa-'~=*'~p-'l4, 
and the conclusion follows (Proposition A.16). u 
5. GREEN'S RELATIONS IN RATIONAL MONOIDS 
The property that makes rational monoids similar to finite monoids is 
expressed by means of the so-called Green’s relations. Recall first their 
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definition: two elements a and b of a monoid M are y-equivalent (resp., 
2-, Y-equivalent) if they generate the same two-sided (resp., right, left) 
principal ideal of M; the relation 23 is the joining of W and 2, and is equal 
to the product 3’2 since ~32 and 6p commute (cf. Clifford and Preston, 
1961). For finite monoids, 9 = 3 holds, and we now have: 
THEOREM 5.1. In a rational monoid, the relation Y is equal to the 
relation f. 
We shall prove that there is a stronger property of rational monoids, the 
definition of which is adapted from Lallement (1979). 
DEFINITION 5.1. A monoid M is said to be right-stable if, for any two 
elements a and b of M, the proper inclusion of the right ideal generated by 
a in the right ideal generated by b implies that the two-sided ideal 
generated by a is properly contained in the two-sided ideal generated by b. 
That is: 
Va, bEM aM $ bM* MaM 5 MbM. 
Lqft-stabilit}? is defined symmetrically, and a monoid is stable if it is both 
left- and right-stable. 
From the definition, Lemma 5.1 immediately follows. 
LEMMA 5.1 (Lallement, 1979, Proposition 2.3.9). The equality 6B = 2 
holds in any stable monoid. 
Proqf: Let a and b be two elements of a stable monoid M such that 
afb, and let r and s be in A4 such that b = ras. We have a%?as since, 
otherwise, asM $ aA would imply, Mask! 5 MaM, and we have 
MaM= MbM= MrasMs MasA4. Similarly, we have apra and then 
asYras. Thus a&!Yb. 1 
The bicyclic monoid gives an example of a non-stable monoid in which 
9 = 4 holds. 
THEOREM 5.2. A rational monoid is stable. 
Proof Let fi be a rational description of a monoid M for a generating 
system (X, CI). Let p and q be two elements of M such that 
pMcqM (5.1) 
and 
MpM = MqM. (5.2) 
643/74/3-2 
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We shall then prove that (5.1) and (5.2) imply 
pM = qM; (5.3) 
i.e., that M is right-stable. 
From (5.1) and (5.2) there exist r, s, and t in M such that p = qr and 
q = spt; hence, q = sqrt, and, for every integer n in N, we have 
q = s”q(rt)“. (5.4) 
Now let a, b,f, g, and h be, respectively, the representatives of p, q, r, s, 
and t in X*; i.e., a = pi’/.?. From (5.4) it follows that for every n in N, 
g”b(jh)“E b/F’. (5.5) 
Since B is a rational function, /3 ~ ’ is a rational relation 
(Proposition A.1 3), and bpp ’ is a rational set of X* (Proposition A15). We 
can then apply the star lemma to the factor (,~Iz)~ of a word gkb(Jh)“, where 
k is chosen to be large enough. Thus there exists an integers I such that 
g”b(jh)“+‘E bfl-‘, 
which can be written as 
gkb(fh)kfh(fh)‘- ’ E bp - ‘. 
Taking the image by c( gives 
P(ww ‘)a = 4, (5.6) 
which implies (5.3) (under the assumption of (5.1)). Left-stability of M is 
similarly shown, and Theorem 5.1 follows from Lemma 5.1. 1 
The above demonstration is only slightly different from the one which 
holds for finite, and more generally for periodic, monoids. But that dif- 
ference is clear, for rational monoids are not periodic, as asserted by the 
following: 
THEOREM 5.3. An infinite rational monoid contains an element of infinite 
order. 
Proof Let p again be a rational description of a monoid M for a 
generating system (X, n). First, notice that if we let M be infinite, there are 
arbitrarily long words in X*/X We can then apply an iteration lemma to 
the rational transduction B ~ ’ (e.g., Proposition A. 17). 
Let k be the integer given by such a lemma, let g be a word of X*fl of 
length greater than k, and let f be a word in g/I -I, i.e., such that fb = g. 
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There exists a factorization g= g,vg,, with v non-empty, and a fac- 
torization f = fi uf2 such that for every n, fi z/f2 belongs to g, v”g, 0~ ‘; that 
kWW= wng2. 
We claim that ua is not a periodic element of M. If we had 
(utl)p = (Ua)p+q, it would follow that 
g, u”g2 = (fiU”f2)P = Vi(@) f?fdB 
= (f,(Up+q )Pf*,B=(fiu”+Yf2)P=glUPfYg*I 
which is a contradiction. 1 
6. CLOSURE PROPERTIES 
In the true sense, the family of rational monoids is closed for none of the 
classical operations: quotient, restriction to a submonoid, direct product, 
free product, Rees quotient. For each of these operations, evidence of the 
non-closure phenomenon is given by a simple remark or counter-example, 
that is by a condition which, together with the operation, trivially con- 
tradicts the rationality of the result. But it is remarkable enough that, in 
each case (except for the quotient, where it would lead to a mere 
tautology), the negation of that simple condition is sufficient to ensure the 
rationality of the result. 
The family of rational monoids is not closed under the quotient, since 
containing the finitely generated free monoids, it would otherwise contain 
all the finitely generated monoids. 
In the particular case of a Rees quotient, we can give a condition in 
which the result is rational. Recall first that if I is a (two-sided) ideal of a 
monoid 152, the Rees quotient of A4 by Z, denoted by M//Z, is the image of 
A4 under the mapping p,, which leaves any element of A4jZ unchanged and 
maps all the elements of Z onto a single new zero element 0; this mapping 
p, is a homomorphism since Z is an ideal of M. 
PROPOSITION 6.1. The Rees quotient of a rational monoid by a rational 
ideal is a rational monoid. 
Proof: It first should be noted that if K is any rational set of X*, the 
restriction of the identity relation on X* to K is a rational relation from X* 
into itself. Let p be a rational description of a monoid M for a generating 
system (X, a). Let Z be an ideal of M; then (X, c(p,) is a generating system 
for M//Z. Let .Z= ZC.- ’ and K = X*\J. Let z be any fixed element of J and 
let t be the function of X* into itself defined by r = r, u t2, where z1 is the 
restriction of the identity on X* to K and where fz = (J, z). The function Br 
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is then a description of M//Z for (X, crp,). If I is rational, so is J by 
Theorem 4.1 and Lemma 4.1, and so are z and fir. i 
Note that it follows immediately from the proof above that the Rees 
quotient of a rational monoid by a non-rational ideal is not a rational 
monoid. 
We shall consider in a forthcoming paper (Pelletier and Sakarovitch, in 
press) the problem of the converse of Proposition 6.1, that is the problem 
of the ideal extensions. 
Let us now turn to the operation of the restriction to a submonoid. Since 
an infinite monoid generally contains infinitely generated submonoids, it 
follows from Proposition 3.2 that a submonoid of a rational monoid is not 
always rational. We have: 
THEOREM 6.1. A finitely generated submonoid qf a rational monoid is 
rational. 
Thus Theorem 6.1 is an extension to all rational monoids of the property 
of (finitely generated) free monoids proved in Example 3.3, using Eilen- 
berg’s cross-section theorem. For our purpose we shall first recall a 
generalization of that cross-section theorem (due to Choffrut): 
PROPOSITION 6.2 (Choffrut, 1978). Let t be a rational function from A* 
into X*. Then for every rational set R qf A *, there exists a rational set U 
which is a cross-section sf R for 5. 
ProoJ: Let r = p ~ ‘r& be a decomposition of 7 as a product of inverse 
homomorphism, the intersection with a rational set, and homomorphism 
(Proposition A. 14) where cp: Z* -+ A* and $:Z*-+ X* are two 
homomorphisms and K is a rational set of Z*, which supposedly can be 
contained in A*cp ‘. 
From Eilenberg’s theorem there exists a rational cross-section V of K for 
$. We claim that U = Vcp is a rational cross-section of A* for z. 
Since V is contained in K and thus in A*cp- ‘, it is also contained in 
Uq-‘z,, and we have 
Now let f and g be two elements in U such that ft = gr = w. Since z is 
functional, both fq ~ ‘zK and gcp -‘zK are contained in w$ - ‘; they both have 
a non-empty intersection with V on which they coincide: f and g are thus 
equal. 
A rational cross-section of any rational set R of A* is obtained by 
replacing K with Rq ~’ n K in this proof. 1 
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Proof of Theorem 6.1. Let y be a rational description of a monoid N for 
a generating system (Y, [), and let A4 be a finitely generated submonoid of 
N. As in Example 3.3, a one-to-one correspondance tx between a set X and 
the generating set of M extends to a homomorphism from X* into N such 
that X*E = M. As in the proof of Proposition 2.1, let 8: X* -+ Y* be a 
homomorphism such that M = O[ = 9y[; let z = By. From the preceding 
proposition, there exists a rational cross-section T of X* for T : T is thus a 
trace of M for (X, a) and the associated description is /I= t~-‘rr, a 
rational function. B 
As we said before, the family of rational monoids is not closed under the 
direct product. The two-generator free commutative monoid N*, the direct 
product of the one-generator free (commutative) monoid N by itself, gives 
a simple example for that assertion. N is rational since it is free. The subset 
D= {(n,n)ln~NJ is rational in N’, since* D = (1, l)* and is not 
recognizable. From Theorem 5.3 it follows that N is a submonoid of any 
infinite rational monoid, and then, by Theorem 6.1, the direct product of 
taco infinite rational monoids is never a rational monoid. On the other hand, 
the following result holds: 
THEOREM 6.2. The direct product of a rational monoid by a finite monoid 
is rational. 
Proqc Let fi be a rational description of monoid M for a generating 
system (X, (x) and let 5 be a description of a finite monoid F for a 
generating system ( Y, [). We may suppose that X and Y are disjoint and let 
Z = Xu Y. The pair (Z, 0) is a generating system of M x F, where 8 is 
defined by ztI=(za, II;) if zEX, and zfI=(l,,zt) if zE Y. 
Let us denote by rrX and rcy the projections of Z* onto X* and Y*, 
respectively, and by K the set X*Y*. 
Let p and v be the relations from Z* into itself defined, respectively, by 
p= z,y/3n,y’rK and v = n,&r; I. The relation p is rational and for every w in 
Z*, 11’~ = (wnx/?) Y*. The relation v is not only rational but recognizable, 
since it is the inverse image of 5 by the homomorphism rry x rry which 
maps Z* x Z* onto Y* x Y*. Let us use g to denote the intersection of 1 
and v which is a rational relation (Proposition A.lO). For every w in Z*, 
M’O = (w77x/?)(W7ryy), 
and CJ is then the description associated with the trace (X*/I)( Y*t) of 
MxFfor (Z,(3). 1 
Theorem 6.2 is a particular case, which we have stated and proved 
independently for the sake of simplicity, of a more general result. This case 
* In this context 1 is the generator of N, and not the identity element 
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uses the definition, given by L. Redei, of the extension of a monoid by 
another monoid, and the proofs become more technical. (The problem of 
ideal extensions will be considered in a forthcoming paper (Pelletier and 
Sakarovitch, in press).) 
The case of the free product will give rise to a result very similar to the 
preceding ones, but we must first point out that this operation is different 
from the others in that the family of finite monoids is not closed for it. 
We shall say that a monoid A4 is a semigroup with adjoint identity if 
w1h.f is a semigroup, i.e., closed under multiplication. We can now state: 
THEOREM 6.3. The free product of two rational monoids is a rational 
monoid if and only zf at least one of the two monoids is a semigroup with 
adjoint identity. 
ProoJ: Let /3 be a description of a monoid A4 for a generating system 
(X, c() and 5 be a description of a monoid N for a generating system (Y, [). 
The two alphabets X and Y are supposed to be disjoint, and by definition 
of the free product, (Xv Y, a * [) is a generating system of M * N with 
c1* i defined by x * [ = zc( if z is in X and zc( * [ = s[ if z is in Y. We sup- 
pose, as it is always possible, that 1 X*B = 1 X. and 1 r,{ = 1 y*. The con- 
dition is sufficient: Let A and Z be the graphs of p and <, respectively, and 
let r be the relation from (Xu Y)* into itself, the graph of which is (AZ)*. 
Precisely, let h be any element of (X u Y)*: 
h=f,g,f,g,...f,g, with f,EX*,f,EX+,26idk 
gkE Y*, giE Y+, 16 j<k- 1, 
then 
If N is a semigroup with adjoint identity, ly* is the only word g of Y* such 
that g[=l,*; then no g,< is equal to 1 y*, except maybe gkt. Since B is 
idempotent, ff?’ = 1,. implies that ffi = 1 ,V., and then for all h in (Xu Y)*, 
hz3 = hz2: the relation r2 is idempotent. It is then clear that 7? is a descrip- 
tion of M * N for (Xu Y, LX* [). If @ and y are rational, 7’ is rational by 
construction. 
The condition is necessary. If A4 is not a semigroup with adjoint identity, 
it contains two elements p and q, p, q # 1 M such that pq = 1 M. Those 
elements generate a submonoid M’ of A4 which is isomorphic to a quotient 
of the bicyclic monoid B. If A4 is rational, and since the only quotients of B 
are B itself, Z, and the finite cyclic groups Z/nZ (cf. Clifford and Preston, 
1961), M’ is isomorphic to one cyclic group Z/nZ. Similarly, if N is rational 
and is not a semigroup with adjoint identity, it contains a submonoid 
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isomorphic to a finite cyclic group Z/nZ for a fixed integer n. The free 
product M * N contains as a (finitely generated) submonoid the group 
G = Z/mZ * Z/nZ. The group G is infinite since the element ab, where a 
and b are generators of ZJnZ and ZJnZ, respectively, is of infinite order; G 
is not a rational monoid, nor is M * N. 1 
EXAMPLE 6.1. Let S be the quotient of {a, b}* by the congruence 
generated by the two relations (a = an+ ‘), (b = b”+ ‘). S is the free product 
of the finite cyclic monoid T, with index 1 and period n, by itself. S is thus 
a rational monoid and Rat S= Ret S. This monoid S is the example given 
by McKnight and Storey (1968) of a non-free equidivisible semigroup with 
the property that each single element is a recognizable subset. They then 
derive from their own results that Rat S = Ret S. 
APPENDIX: A VADE MECUM FOR THE THEORY OF 
RATIONAL SETS AND RATIONAL FUNCTIONS 
The purpose of this Appendix is to make the paper self-contained and to 
give the reader statements for every property that has been used. More 
details, proofs, and historical references can be found in the references. The 
definitions of recognizable, and rational sets, and of rational relations have 
been given in Section 1. 
A. 1. Recognizable Sets 
PROPOSITION A.l. Let M be a monoid. Then Ret M is a boolean algebra. 
PROPOSITION A.2. Let y: M -+ N be a monoid homomorphism and let P 
be a recognizable set of N. Then Py - ’ is a recognizable set of M. 
PROPOSITION A.3 (Mezei). Let M, and M, be monoids. A subset Q of 
M= M, x M, is recognizable is, and only if, it is a finite union of sets 
P, x P, with P, in Ret M, and P, in Ret M,. 
A.2. Rational Sets 
PROPOSITION A.4. Let CC M--t N be a monoid homomorphism. Then 
(a) RER~~M=RcxER~~N; 
(b) if CI is surjective, U E Rat N 3 3R E Rat M, RCX = U. 
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PROPOSITION AS. Let a: M + N be a monoid homomorphism. Then 
(a) if R is in URat M and if CI is one-to-one on R, then Rcc is in 
URat N; 
(b) if c( is surjective, then for any U in URat N there exists an R in 
URat M such that a is one-to-one on R and U = Ra. 
Proposition AS, especially part (a), may be regarded as folklore, and as 
is often the case for folklore, there is no reference for it. Its proof use the 
following lemma: 
LEMMA A.6 Let a: M + N be a monoid homomorphism and let A and B 
be two non-empty subsets of M. The two conditions are equivalent: 
(i) the product AB is unambiguous and a is one-to-one on AB; 
(ii) the product AaBcr is unambiguous and a is one-to-one on A and 
on B. 
Pro@ (i) =, (ii) follows from the sequence of implications: 
acrba = cada =S aba = cda 3 ah = cd 
*(a-c and b=d)*aa=ca 
and from 
(The second implication is meaningless if B is empty.) The converse 
(ii) 3 (i) follows from the sequence 
ah = cd = aba = cdx 3 aaba = cada 
*aa=cx and ha=dx 
=z-a=c and b=d-ah=cd. 1 
(Note that the first implication is used to prove that AB is unambiguous 
and the last one to prove that a is one-to-one on AB.) 
Proof of Proposition A.5. We prove the proposition by induction on the 
number of unambigous rational operations used to build the sets R and U. 
Both parts (a) and (b) are obvious in the finite case. 
Let R be in URat M and suppose a is one-to-one on R; the set R is 
obtained by an unambiguous operation, union, product, or star, from 
other unambiguous rational sets. 
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If R = A u B, then c1 is one-to-one on A and on B, and Acr and BCY are 
disjoint, then Ra is in URat N by the induction hypothesis. If R = A . B, 
then part (i) 3 (ii) of Lemma A.6 shows that Ra is in URat N. And if 
R=A*, then using both of the preceding arguments, Rcc is again in 
URat N and part (a) of the proposition is proved. 
Let Li be in URat N; as above, U is obtained by an unambiguous 
operation from other unambiguous rational sets, say C and D, and by the 
induction hypothesis there exist A and B such that c( is one-to-one onto A 
and B, and such that Acc=Cand Bcr=D. If U=CvD, then R=AuBis 
clearly the rational set needed; if U = C. D, then R = A u B is clearly the 
rational set needed; if U= C’. D, then part (ii) + (i) of Lemma A.6 shows 
that R = A B answers the question; and if U = C*, then the same two 
arguments together show that R = A* answers the question, and part (b) is 
proved. [ 
PROPOSITION A.1. Let M he a monoid. For any rational set R of M there 
exists a ,finitely generated submonoid M’ of M such that R is contained in 
M’. 
We now turn to Kleene’s theorem, and some of its consequences: 
THEOREM A.8 (Kleene). Zf A is a finite set, then Ret A* = Rat A*. 
COROLLARY A.9. [f M is a finitely generated monoid, then 
Ret M c Rat M. 
PROPOSITION A.10. In any monoid, the intersection of a rational set with 
a recognizable set is a rational set. 
Another property of the rational sets of free monoids is given by: 
PROPOSITION A.1 1. A rational set of a free monoid is unambiguously 
rational. 
And, finally, we state the iteration lemma for rational sets of the free 
monoid (also a consequence of Kleene’s theorem); under the precise form it 
has been used in the proof of Theorem 5.2: 
PROPOSITION A. 12 (Star lemma). For any rational set R of a free 
monoid A* there exists an integer k such that for every product of k 
non-empty words f = f, fi.. . fk there exists an interval [i,j] of [k] such that 
for any words g and h, gfh is in R if, and on1.y lx any of the elements of 
gfifi” ‘fi- I(L.L+ 1 . ..f.)* fi+,...fkh is in R. 
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A.3. Rational Relations 
PROPOSITION A.13. The inverse of a rational relation is a rational 
relation. 
EXAMPLES. Homomorphisms, and inverse homomorphisms, between 
monoids are rational relations. In a free monoid the intersection with a 
rational set is a rational relation. These examples are generic ones since we 
have the following characterization theorem: 
PROPOSITION A.14 (Nivat). A relation z from a monoid M into a monoid 
N is rational if, and only if, there exist an alphabet A, two homomorphisms 
a:A*-,MandB:A*~N,andarationalsetKofA*suchthatt=a~‘z.B. 
It then follows: 
PROPOSITION A.15. The image of a rational set of a free monoid A* by a 
rational relation from A* into a monoid M is a rational set of M. 
In general, the product of two rational relations is not a rational 
relation, but we have: 
PROPOSITION A.16 (Elgot and Mezei). Let M and N be two monoids 
and let A* be a free monoid. If T is a rational relation from M into A* and tf 
t’ is a rational relation from A* into N, then & is a rational relation from M 
into N. 
Rational relations between free monoids give rise to iteration theorems; 
the one we give here is slightly different from the one given by 
Berstel (1979) for instance, but its proof is identical. 
PROPOSITION A.17. Let z be a rational relation from A* into B*. There 
exists an integer k such that for any word g of A* of length greater than k, 
and for any word f in gz, there exists a factorization g = g, vg,, where v is a 
non-empty word of length less than k, and a factorization,f = f, ufi such that, 
for every integer n, f, u”fi is in g, vng2z. 
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